
































Year 12 Extension 2 Trial 2020 — Solutions
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Question 1

m = 1,n = 3 is a counterexample as m and n are both odd butm + n = 1+ 3 = 4 which s even.
Question 2
It just is!

Question 3

1
2

uy 1X1+1X2+0X2 3 _ 1
lulx|y|  V12+12+02xV12+22+422 342 V2

Cos 9 = Hence 8 = cos™1—= = 45°,

~il

Question 4
Multiplication by —i is equivalent to a rotation through —gwhich is C.
A —is a reflection in the real axis, B — is a rotation through g D —is a reflection in the imaginary axis.

Question 5
Letz=x+ iy, then |z + 2i] = |z + 4] 2 x>+ (y +2)? = (x + 4)? + y?
wx?+y?+4y+4=x*+8x+16+y> =22x—y+3=0

Question 6
Letu =x2+1.Thendu =2x dx = xdx=%du.Atx=a,u=a2+1 andx =b,u=»h?>+1

Question 7

() (o (1)

2
- - ifu=|[- S S
D is a unit vector (1fy—<34> then MmN eno: m)

, B is not.

Question 8

Now |z| = \/(5\/5)2 +(=5)2=10

Also arg(z) = tan™? (—%) = _%



Question 9
Counterexamples —for A:ifa=2andb =1then2 > 1 but% < %

—forB:ifa=2and b =—-1then2 > -1 but%>—%

—forC:ifa=2,b=1andc=—-1then2 > 1but 2x-1<1x-1
Question 10
If v2 = n%(a? — x?) then 16 =n2(9-1) = n=+2.
=27

. . 2T
Hence the period is 5
Section Il

Question 11

(@) (i) AB = (6 —4i)(—8+ 6i) = —48 + 32i + 36i — 24i? = —24 + 68i

6—4i —8—6i _ —48+32i—-36i+24i% _ -72-4i
-8+6i = —8-6i 64+36 ~ 100

(a) (i) £ =

(@) (iii) Let (x + iy)? = —8 + 6i. Then x> — y% + 2ixy = —8 + 6i.
Hence x2 —y2 = —8 and 2xy =6 = xy = 3 :y:%
Hencexz—xiz+8=0 >x*+8x2-9=0 >x2=10r-9.
Hencex=1,y=3 or x=-1,y =-3

Hence VB = +(1 + 3i)

() (i) Letz=x+iy.
Then|z—112=4|z+1]? > (x = 1?2+ y? = 4((x + 1)? + y?).
fx?=2x+1+y%2=4x%+8x + 4+ 4y?

Hence the locus of z is 3x? + 10x + 3y? = -3

2
(b) (ii) 3x2+10x+3y2=—3:>x2+13_°x+y2=_1 = (x+§) +yz:19_6

Hence the locus is a circle with centre (— g O) and radius %
(c) Another root of P(x) is 3 + 2v2 i
Now since the sum of the roots is 5, the third root must be —1.
Also, the product of the roots is —b = (3 + 2v2i)(3 — 2v2i) x -1 = —-17
And the product of the roots taken two atatimeisa = —(3 +2v2i) — (3 —2v2i)+17 =11

Hencea = 11,b = 17.



(d)

Question 12
(@) i) Sincev? >0,then8+2x —x? =(4—x)(x +2) = 0.
Hence -2 < x < 4.

The particle oscillates between x = —2 and x = 4.

(@ i) i=2 (Cv?)=" (4+x— 2%)=1-x

(@) iii) The distance between the endpoints is 6, hence the amplitude is 3.

% = —1(x — 1), hence the period is 21” = 2.

. 1 1 _ 110 100 10 11 1
(b) 1) =

= = < =
10 11 1100 1100 1100 1100 100

1 1 1
Hence = — <
10 11 100
.. 1 1 n(n+1) n? n n+1 1
(b) ") n+1  n2(n+1) n2(n+1) - n2(n+1) < n2(n+1) T n2

1

1 1
Hence —— <, forn >0
n n+l n

© ) If m is odd or n is odd, then mn is odd or m + n is odd.



(c) i) Letmbeoddandnbeevenie.m = 2j+1andn = 2k,j,k € Z
Thenm+n =2j+1+ 2k
= 2(j + k) + 1 which is odd.
Clearly this is also true if m is even and n is odd.
Letmbeoddandnbeoddie.m = 2j+1andn = 2k+1,j,k € Z
Thenmn = (2j+1)(2k+1)
= 4jk +2j+2k +1
= 2(2jk + 2j + 2k) + 1 which is odd.
Hence, if m is odd or n is odd, then mn is odd or m + n is odd.
(d) Suppose that c? — b? = 4 and that b and c are both positive integers.
If c2 — b% =4 then (c-b)(c+b) =4
As b and c are both positive integers, then c- b and ¢ + b are factor pairs of 4.

Sinceb #0,thenc-b=1landc+b=4=c = g which is not an integer.

Question 13

(@ Letu=Inx.Thendu = %dx

1
dx u z 1
]ZXW —deu =uz+c =+lnx+c
— 2 _ — 2 —__4
(b) Letu=+vx?2—1.Thenx =+vu?+1 and dx Wi du
dx _ 1 % u d _ du
xVx2-1 T wuzel T Vuz+t u ) uzt1

=tanlu+c =tan'Vx2-1+c



(c) Letu=x?% v'=cosx.Thenu' =2x, v =sinx.

T

+ 2 4+ + ;
x“ cosx dx = x“sinx — 2xsinx dx
0 0
0
T T
2 4 4
— — 2XxXCoSXx +f 2cosx dx
16v2
0
0
T
2 T . 4
—m+m—[ 2sinx
40

2 13 2

TN A

2dt

— tan(* _ 1 — Loec (®) dx = L(tan? (% _
(d) Lett=tan (2) Then cosx = — > sec (2) dx = - (tan (2) + 1) dx = dx = —
Alsoatx =0,t =0 and x =§,t =1
T 1 1
5 2dt 2dt 1
f dx _ 1+t2 _ 1+t2 _ j- 2dt
- _$2 - 2 _ct2 -
o 3t5cosx ) 3+5(%) ) % o 8—2t2
! dt ! 1 1
- f 4-t2 - f (4(2—t) + 4(2+t)) dt
0 0
1 1 In3
=-|-ml2—tl + 2+t ===
0
_ 3xf-x+12  _ A | Bx-3 2 _ = A(x2 _ _
e @ Dorizerd) = i2 tooas o X -x+12= Ax“+2x+3)+ (Bx—3)(x — 2)
Letx =2.Then22 =114 = A=2
Letx=1.Then14=2x6—(B—3) = B=1
3x2—x+12 2 x—3
(E) (“) J(x 2)(x2%+2x+3) dx - ijZ dx +fx2+2x+3 dx
= 2In|x — 2| +J 2 d
x“+2x+3
1 2 4
=2In|lx—2|+=In|x*+2x+ 3| - | ———
2 (x+1)2+2

=2In|x — 2| + - lnlx +2x + 3| —2v/2tan” (x\;;)+c

dt



Question 14

2a-2+2 _2a _2a

@ Now the scalar projection of v in the direction of uis v -4 = S22 ()2 — Vo 3

Hence the vector projection of v in the direction of u is 23“ (—

(b) Let P(x,y) be a point on the semicircle y = V1 — x2

P(x,y)

-1 1

Then the line segments are given by the vectors (;i) — (—01) _ (x :}- 1)
nd (3)-(6)="")

x+1

Now (
y

) (1) =erDE-D+y?
=x24+y2—-1=x2+1-x2-1=0

Hence the line segments are perpendicular.

(© ﬁ=w+ OR =—c~1+k(21~9+g)= 2k;3+(k—1)g
If QR is parallel to p , then there is some 4 € R \ {0} such that 2kp + (k — 1)g = Ap
=>2k=Aandk—1=0.Hencek =1

9 1 2 2
(d) i) Atthe point of intersection (13) + A( 4 ) = <—1> +u <1>
-3 -2 1 1

L 294+ A=242u =>21=2u-7 (1)
and 13+41=-14+pu = pu=41+14 ()
r L Sub (1) into (£): u = 4(2u—7) + 14 = 8y — 14
0 27u=14 =spu=2 =2 1=2%x2-7=-3

& r=9i+13j— 3k +A(>i + 4j — 2K) = 6i +j + 3k

1 2
(d) ii) Let g=<4) andlg=(1>
—2 1

1X2+4x1+(-2)%x1 4



Xy 9 1
(d) iii) Let <y1>=<13>+/1<4> = x, =941, y; =13+41 and z, = -3 — 21,
7 -3 —2

L X1 — 4 541

NowAP =0P—-0A =y, —16|=141-3
z1+3 —21

But(i+4j—2K)-AP =0 = 1(5+1)+4(41—3)—2x-21=0 = ,1=§

Hence P is (23—8‘;—3—%)
Question 15
(@) i) (a?—-b?)(c®—-d?) — (ac — bd)? = a?c? —b?c? —a?d? + b?d? — a’c? + 2abcd — b?*d?
= —b?%c? — a%d? + 2abcd = —(ad — bc)? < 0

Hence (a? — b?)(c? — d?) < (ac — bd)?

@) ii) (a® = bH)(a* —b*) — (a® —b3®)? =a®—b%a*—a’b* + b® —a® + 2a3h® — b°®
= —b?%a* — a’b* + 2a3b3® = —(ab? — a*h)* <0

Hence (a? — b?)(a* — b*) < (a® — b3)?

(0) 7 =1i+3j— 4k + t(i + 2j + 2k)

x=1+t
y=3+2t
z=—4+4+2t

Now (x —1)2+ (y—3)?+ (z+4)? = 81

(1+t—1)2%+ 3+2t—3)%2+ (—4+2t+ 4)*=81

%+ (2t)*+ (2)? =81

9t? = 81

t2=9 = t=43

~.Pointsare: [1+3,3+2(3),—4+213)]= (4,9,2)
[1—3,342(=3),—4+2(=3)] = (-2,-3,-10)



© ) If kis even, i.e k = 2x for some x € Z , then
k2 +k =(2x)%+2x =4x*+2x
= 2(2x% + x) = 2y forsomey € Z
If kis odd, i.e k = 2x + 1 for some x € Z, then
k2+k =QQx+1)?+2x+1=4x>+4x+1+2x
=4x?+6x+2=202x*>+3x+1) =2y forsomey € Z

Hence k? + k is even.

(c) i) n=1:13+5x1 =6 which is divisible by 6.
Assume that n3 + 5n is divisible by 6 forn = k
i.e. k3 + 5k = 6p where p is an integer.
n=k+1. (k+1)3+5k+1)=k>+3k*+3k+1+5k+5=k®+5k+3k*+3k+6
=6p+3k*+3k+6=6p+6+3(k*+k)
=6p+6+3Q2y)=6(p+y+1) [from part (i)]
Hence (k + 1)3 + 5(k + 1) is divisible by 6

~.if true for n = k, then also true for n = k + 1, but since true for n = 1, by induction is true for
all integral values, n > 1.

Question 16

@@ i) I, = fx" e 3% dx

u = x" v =e3*

u = nx"1t v=—-eg ¥

L, =uv — [vu

I, = (") (—l e"3x) - J(—— e‘3x) (nx™~1) dx




2 _-3x —x?e”3 2 1 ,-3x
x“e dx = + -] x"e dx
3 3
2 _ 2 [-xle™3% 1 _
= | xte 3 dx ——[ +=x=| x%e ¥ dx
3 3 3 373
—2xe~3% 2 _
= + =X —ce™3
9 9
—2xe~3% 2 _
— _ 2 -3
9 27
J.x3 e 3% dx
3,—-3x 2,—-3x —-3x
-x’e x“e 2xe —
= . — ——— 5 x4 ¢

(b) i) (cos@ +isinB)® = cos50 +isin50
LHS = cos® 8 + 5i cos* 8 sin @ — 10 cos® 0 sin? 8 — 10i cos?  sin® @ + 5 cos O sin* 6 + i sin® 6
Equating Real and Imaginary Parts:  cos 58 = cos® 6 — 10 cos® 6 sin? 6 + 5 cos 8 sin* 6

sin560 = 5 cos* 6 sinf — 10 cos? 0 sin3 @ + sin® 6

5cos*@sinf-10cos?Osin®6+sin®0 _ StanH-10tan®H+tan®6 _ 5t—-10t3+¢5
c0s°8-10cos3 0 sinZ2 O+5cos B sin* 0 1-10tanZ? 6+5tan* @ 1-10t2+5t%

(b) i) tan560 =

(b) iii)If tan 50 = 0, then 56 = 0,7, 2m,3m, 47 =6 =05, 2 2 =
5t-10t3+t°

Also if tan 50 = 0, then ———
1-10t2+5t*

=>5t—10t3+t° =t(t*—10t2+5) =0

Hence the roots of t* — 10t2 + 5 are t = tanZ , tan -2 , tan-Z , tan ==&
5 5 5 5

4T
5

Product of Roots of t* — 10t% + 5 are tan% X tanz?" X tans?" Xtan— =75



(c) 33"- 16" - 28"+ 11" = (33" - 16") — (28" — 11")
= (33-16)(33"1 +33"2x 16 +---+16""1) - (28-11)(28""1 + 28" 2 x 11 + --- +11"7 1)
= 17(33" 1 +33"2x16+--+16™"1) — 17(28™" 1 + 28" 2 x 11 + -+ +11"71)
Hence 33™ - 16™ - 28™ + 11™ is divisible by 17.
Also, 33" - 16™ - 28™ + 11™ = (33" — 28™) — (16" — 11™)
=(33-28)(33"1+33"2x28+--+428"1) — (16 —11)(16™" 1+ 162 x 11 + - +117"71)
= 533" 1 +33"2x28+--428"1) — 516" +16"2x 11+ - +11771)
Hence 33™ - 16™ - 28™ + 11™ is divisible by 5.
Thus 33™ - 16™ - 28™ 4+ 11" is divisible by 17 and by 5.
Therfore 33™ - 16™ - 28™ + 11™ is divisible by 17 x 5 =85 as 17 and 5 are prime numbers.
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